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ON A GENERAL CLASS OF INTEGRALS OF THE FORM 

r cj>(t)g(x + t)dt* 
Jo 



R. D. CARMICHAEL 

Introduction 

In previous memoirsf I have considered the general theory of a class of 
infinite series of the form 

(1) fi(a-) = Z.Cn ^,:\— 

where the coefficients Cq, Ci, C2, •■■ are independent of x and where the 
function ^(.r) is single-valued in a sector V formed by two rays from zero to 
infinity and containing in its interior the positive axis of reals, is analytic at 
each point in this region for which \x\ is sufficiently large but finite, and has 
the asymptotic property expressed in the formula 



(2) 



^(.r)~a--«e«^'(l+^^+|:+---). 



Here P {x) and Qix) are polynomials which we write in the form 

P{x) =1X0 + 1X1 X + tX2X^+ ■•• + ixkx" (m* + if ^ > 0) , 

q{x) = ao + ai .X- + as .1-2 + ••• + «» -f" (a„ + if ?« > 0) . 

(By r^ we mean e' '°^ , where the principal determination of log r is taken.) 
In case ^ = we assume that ?» > 1 in order to avoid a case which is un- 
important so far as our present objects axe concerned. 

By means of these functions g{x) we now introduce the general class of 
integrals 

(3) j{x)= r<i>{t)^^^.'^~p-dt, 

Jo g{3:) 

* Presented to the Society, April 13, 1918. 

t These memoirs will be referred to by the numbers in the following list : I. These Trans- 
actions, vol. 17 (1916), pp. 207-232. II. Bulletin of the American 
Mathematical Society, vol. 23 (1917), pp. 407-425. III. American Jour- 
nal of Mathematics, vol. 39 (1917), pp. 385-403. IV. American Journal 
of Mathematics, vol. 40 (1918), pp. 113-126. 
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where <j>(t) is finite and single-valued for finite < S 0, i?!)(Oi has an upper 
bound in every finite interval (Or) , and 0(0 is integrable in every such inter- 
val.* It is obvious that deep-lying analogies exist between series Q(.t) and 
integrals J (x) . 

The most important case of integrals J (x) which has figured in the litera- 
ture is that for which we have 

this gives rise to the P^uler-Laplace integral f 

(4) I(x) = r rP{t)e-'^dt, 

Jo 

the integral at the basis of the Laplace transformation. It is also a funda- 
mental integral in Borel's integral definition of the sum of a divergent series. 

Other special cases of particularly simple properties are suggested at once 
by the instances of series fl(.r) exhibited in Memoir II. One may consider 
also a generalization of integrals J {x) analogous to the generalization T {x) 
of the series fi ( .r ) given in Memoir II. 

A sum of two particular integrals J {x) also gives rise to an integral of 
interest. ¥ot the first of these integrals J {x) we take 

<A(0 =h[u{t) -it)(0]e-*'<'°-", g{x) =e-i«(^i), i = V-"l, 

where u{t) and v{t) are real-valued functions of the real variable t and x 
is now to be restricted to real values. P'or the second of these we take func- 
tions <j) and g obtained from the foregoing on replacing i by — i. Adding 
the two corresponding integrals J {x) we obtain the integral 



(5) 



I { w ( cos tx + v{t) sin tx \ dt . 
Jo 



This will be recognized as an integral having close analogies with P'ourier 
series.* 

The object of this paper is to develop the first fundamental convergence 
properties of the general integrals J (x) . In Section 1 I show that the region 
of convergence of J (x) is a half-plane and determine the orientation of the 
line which bounds this half-plane. In Section 2 the corresponding results 

* All integrals involved in the paper are taken in the sense of Cauchy-Riemann. 

t This integral has been treated by many writers. For the principal references up to 1912 
see Encyclopedie des Sciences Mathematiques, II, 5, pp. 35-41. Among later papers may be 
mentioned the following: Pincherle, Acta Mathematica, vol. 36 (1913), pp. 269- 
280; Horn, Crclle's Journal, vol. 144 (1914), pp. 167-189, and vol. 146 (1915), pp. 
95-115; Horn, Jahresbericht der Deutschcn Mathcmatiker-Ver- 
e i n i g u n g , vol. 24 (1916), pp. 309-329, and vol. 25 (1916), pp. 74-83. 

I In a similar way a Fourier series may be obtained as a sum of two series il (x) . 
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for the region of absolute convergence are stated. The boundary of the half- 
plane of absolute convergence has the same orientation as the boundary of 
the half-plane of convergence. In Section 3 I consider uniform convergence 
in closed regions and the consequent properties as to analyticity of functions 
defined by integrals J (x) . Finally, in Section 4 I determine the position of 
the lines of convergence and absolute convergence in terms of </> and g . The 
formulae are analogous to those by which the radius of convergence of a 
power series is determined in terms of the coefficients. Throughout the paper 
I have freely used the methods by which LandauJ has treated a special case 
of the integrals J (x) . 

1. Character of the region of convergence of J (x) 

A point p in the complex a;-plane corresponding to which there exists a non- 
negative real value h of t such that the function g(x -\- ti)/g(x) of x has a 
singularity at a; = p will be called an exceptional point for the integral J (x) . 
All other points will be called non-exceptional points. We shall also speak 
of a; = p as an exceptional or non-exceptional number or value in the respective 
cases. 

Let Xo and xi be two values of x which are non-exceptional for the integral 
J (x) and suppose that J (xo) converges. We seek conditions under which 
J (xi) certainly converges. 

Let us write 

Gir) = J\(t)gixo + t)dt 

where the non-negative real constant a is chosen so that g (xo + t) is different 
from zero for every < = a and where r = a . Since J ( .To ) converges it is 
clear that G(t) approaches a finite limit as r becomes infinite. Consider 
the integral 

(6) U{t)= r <S>{t)g{x, + t)dt= r <i>{t)g{x, + t)^-},'~^^dt. 

To prove that J {xi) converges it is clearly sufficient to show that U (t) 
approaches a finite limit as r becomes infinite. Integrating by parts in (6) 
we have the following formula (which we shall need later) : 



^(xi + 0\^^_ 



(7) U(r)=Gir)^^'-p-\- rGit)(^^ . ^ ,, 

gixo+T) J„ ^ ' \dtgixo + t). 

This brings us to a consideration of the asymptotic character oi g (^ + t) 
with respect to t for the fixed value ^ of a; . It is easy to see that we have a 

JSitzungsberichte dcr mathematisch-physikalischen Klasse 
der Koniglichcn Baycrischen Akademic dcr Wisscnschaften zu 
M u n c h e n , vol. 36 (1906), pp. 151-218. See especially pp. 208-218. 
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relation of the form 

(8) H^ + 0~e''<''f>'°«'+'<'-f>(l+y + P+ •••) 

where the c's are independent of t and where pit, ^) and q{t,^) are quantities 
which may be written in the form 

P{tA) = v,{t) + V,{t)^+V2{t)e+ ■■■ +Vk{t)^\ 

(9) q{t,^) =/3o(0 +/3i(0?+ft(0^'+ ••• +/3„(0r 
Here the quantities v , ^ , y have the values 

(10) /3,(0 = Z(^)«i <'■-', 5 = 0,l,---,m; 

7.(0 = tM.^-[(,!i)-^,:2)+j(, Is) -•••]. 

5 = 1, 2, •••, A;. 
From (8) it follows that we have with respect to t the asymptotic relation 

(-U) S_\X\ + ^ glog({p«,:r,)-p«,i„)} + {j«,:t,)-4((,xo)} jj ^~i^^^ ...) 

where the rf's are independent of t . We see that p{t, Xi) — p{t, Zo) is a 
polynomial in t of degree k — 1 and that q (t , Xi) — q (t , Xo) is a, polynomial 
in t and that its degree is m — 1 in case m is greater than k. (It k is zero the 
corresponding difference function is zero.) 

By differentiating we obtain from (11) the asymptotic relation* 

<->s?-;irKh"">(-^^*--)-""''<"('^7--)- 

where r{t) denotes the exponent on e in (11) and r' (t) = dr/dt, the relation 

(12) being valid in the interior of V . 
P>om (7) and (12) we see that 

(13) U{t)=G(t)1-^-^^^^- rG{t)T{t)dt- rG{t)S{t)dt, 

where ^(0 and S (t) are suitable functions asymptotic to the first and 
second terms, respectively, in the second member of (12). 

* For a theorem justifying this differentiation see a paper by J. F. Ritt in Bulletin of 
the American Mathematical Society, vol. 24 (1918), pp. 225-227. 
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It is convenient to make a separation of cases. We suppose first that 
k < m. Then m ^ 2 , since by hypothesis m > 1 if A; = . The dominant 
term in the exponent of the second member of (11), when this exponent is 
expressed as a polynomial in t and log t, is 

mam ( a"! — a^o ) ^""^ • 

Now a constant A exists such that \Git)\< A for every real value of t not 
less than a . Hence if ii { «„ ( a;i — a;o ) ! * is negative, it is clear that each 
term in the second member of (13) approaches a finite limit as t becomes 
infinite; and thence that J (zi) is convergent. 

In the next place suppose that k ^ m and A; > 1. Precisely similar con- 
siderations lead to the conclusion that Jixi) is convergent in case 
R { fXkixi — xq)] is negative. 

There remains the case in which A; = landm=Oorl. We shall show in 
this case that J (xi) is convergent provided that R { ni{xi — Xo)} is negative. 
For this special case (8) takes the form 



where /3 = ai or according as m = 1 or . Then 

^MC-ri-^o) g(>»l+^X-ri— ro) j J _|_ £1 .^ . . . j _ 



(14) ^""^^^ 

From this we see readily that the integrals 



(15) 



r G{t)T{t)dt, r G{t)s{t)dt 



converge. Hence U {t) approaches a finite limit as r becomes infinite and 
J (xi) is therefore convergent. 

Hence we have the following theorem (cf. Theorem I of Memoir I). 

Theorem I. Let xo and xi be hvo values of x tchich are non-exceptional for 
the integral J (x) and suppose that J(.x'o) converges. Then J (xi) also con- 
verges provided R ( axi ) < R{ axo ) , tvhere a denotes am or nk according as in is 
or is not greater than k . 

By a region C of convergence of the integral J (x) we shall mean a region 
such that J (x) converges for every non-exceptional value of x in the interior 
of C and diverges for every non-exceptional value of x exterior to C In a 
similar way we define a region T of absolute convergence. 

By means of Theorem I it is easy to determine the character of the region 
of convergence of J (a;) . Compare the related argument in Memoir I, p. 214. 
We have the following result. 

* We employ the symbol R (z) to denote the real part of z . 
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Theorem II. There exists a real mimber X such that the region of convergence 
of J (x) is bounded by the straight line R((xx) = X and lies on that side of this 
line for tchich R(<rx) < X . 

This result may be compared with Theorem II of Memoir I. As to con- 
vergence on the boundary of the region of convergence one may estabHsh 
properties similar to those given for ^(x) in Memoir I, pp. 214-216, the 
method of treatment for J (x) being analogous to that for fi ( .r ) . 

2. Character of the region of absolute convergence 

In view of (11) we have from (6), by means of an obvious argument, the 
following theorems. 

Theorem III. If xo and Xi are ttco values of x which are non-exceptional 
for J (x) and if J (xo) converges absolutely, then J (xi) converges absolutely 
provided that R ( axi ) < R{ axo ) . 

A ready consequence of this is the following theorem. 

Theorem IV. There exists a real number fx such that the region cf absolute 
convergence of the integral J (x) is bounded by the straight line R{ax) = jx 
and lies on that side of this line for ichich R((xx) < fi. 

3. Uniform convergence 

We shall now prove the following theorem (compare Theorem III of 
Memoir I). 

Theorem V. The integral J (x) converges uniformly in any closed domain 
D tchich lies ivithin its region of convergence and contains no point ichich is 
exceptional for J (x) or is a limit point of points which are exceptional for J (x) . 

From the character of D as defined in the theorem it is clear that a non- 
exceptional point Xo and a positive constant e exist such that J (xo) converges 
and R(c7Xo) is less than R{(rxi) — e for every xi in D . Let us now denote 
the integral U (t) of (6) by U (xi, r ) in order to put in evidence the variable 
a;i which is to range over D . To prove the theorem it is sufficient to show that 

lim U(xi, t) 

exists uniformly as to Xi ranging over D. The changes (mostly verbal in 
character) which may be made in the proof of Theorem I in order to reach this 
conclusion are now obvious. The argument need not be given in detail. 

As an immediate consequence of Theorem V we have the following theorem. 

Theorem VI. The integral J (x) defines a function J(x) of x which is 
analytic at every non-exceptional point which lies in the interior of its region of 
convergence and is not a limit point of exceptional points, and the derivatives of 
J (x) at every such point may be found by differentiating the integral J (x) under 
the sign of integration. 
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4. Convergence numbers for the integral J {x) 

For the determination of the convergence numbers we have the following 
theorem which we shall now demonstrate (compare Theorem XII and corollary 
of Memoir I). 

Theorem VII. The convergence, [absolute convergence] number X [/i] for 
the integral J (x) is expressed in terms of <f> and g by the following relations : 

(1) in case k < m we have 



X = — lim sup 



log f <i>{t)g{t) 



dt 



mu" 



fj, = — lim sup 



log r \<l>(t)g(t)\dt 



mu" 



(2) in case k ^ m and k > \ we have 
log r^ 4>{t)g{t)dt 



X = — lim sup - 



log 



ku'' ^ log u 
(3) in case k = 1 and m = or 1 we have 



H = — lim sup 



•'+1 



\<l>it)g(t)\dt 



X = — lim sup 



log <t>{t)g{t)dt 



/i = — lim sup 



A;m*~^ log u 
log \<i>{t)g{t)\dt 



where E(u) denotes the integral part of u . 

Let us first prove the formulas for n . Taking up case (1), let us write 



logjT \cl>{t)git)\dt 
lim sup ^ — z:Zii^i = f • 



mu' 



In the first place we take f to be finite. Then for every positive constant 5/2 
there exists a U such that 



r \(l>it)g{t)\dt<e^^'^'^^+^"^ 

Ju 



provided that u ^ U . To show that <7 ( xi ) converges absolutely it is there- 
fore sufficient to prove the convergence of the series 

where Mn is the least upper bound of the values of \g(xi + t)/g{t) \ in the 
interval U + n ^ t ^ U -\-n + 1 . We take xi a non-exceptional point such 
that R(amXi) = — f — 5. Employing (11) with xq replaced by we con- 
clude readily that the foregoing infinite series is convergent. Hence J (xi) 

Trans. Am. Math. Sac. 99 
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converges absolutely when Xi is a non-exceptional point such that R{amXi) 
< - f. Hence M < - T- 

To prove that ;u > — f we proceed as follows. For every positive constant 
S/2 there exists an infinite sequence of numbers Ui, U2, u^, • • • such that 
Wj+i — Mi S 1 and 

■.a+l 

\<f,(t)g(t)\dt>e"'"^'^^-'i^'> 



f 



toT u = Ui, U2, U3, • • • . Now let Xi be a non-exceptional point for J (x) 
such that R(amXi) = — ^ + 8. Then the value of the integral 






^^'1^0.(0^^- + '^ 



?(0 



dt 



clearly does not approach zero as i increases indefinitely, as one sees by aid of 
relation (11); whence it follows that J(xi) is not absolutely convergent. 
Hence /^ > — f . 

In case f is infinite it may be shown that for every M and positive 5 a set 
of numbers Ui, Ui,uz, • • • exists such that m.+i — Mi = 1 and 

r \<j>(t)g(t)\dt > e"'»«'^'(^+«. 

Then if Xi is a non-exceptional value for J (x) such that R{amXi) = — M , 
it is clear that the value of the integral li does not approach zero as i increases. 
Hence when f is infinite the integral J (x) converges absolutely for no non- 
exceptional value of X . 

We conclude therefore to the validity of the formula for fi in case (1). 

The determination of the value of /u in cases (2) and (3) is so closely parallel 
to that employed in case (1) that it is unnecessary to give a statement of it. 

Proceeding to establish the formula for X in case (1), let us write 



loglf <j>it)g(t)i 
lim sup 



mu" 



= r. 



First let f be finite. Then for every positive constant 5/2 there exists a U 
such that 

< e'"''"-'<f+*^« when u^U. 






<f>{t)g(t)dt 



Let Xi be a non-exceptional point such that R{amXi) = — f — 5 and con- 
sider the second member of (13) for r becoming infinite, Xo now having the 
value zero. Through use of (11) it is easy to see that its first term approaches 
a finite limit as r increases indefinitelv. That each of the other terms does 
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SO also may be shown readily through use of (12). Hence J (xi) converges 
and X < — f . 

To prove that X > — f we let Xq be a non-exceptional point for which J (xq) 
converges and prove that for every positive constant 5 there exists a U such that 



(16) \[^\{t)9{t) 



dt 



< e'"'""-'«+« for u^U, 



where ^ == — R(amXo) . 

If in the computation by which (13) was derived we write u and u + 1 
for a and t , respectively, and take Xi = , we have 

I r\{t)g{t)dt ^ G{t)-/'^^X\+ r\G{t)T{t)\dt 

I t/w 9 \'^o ~r ' J _lu I Uu 

+ f \G(t)S(t)\dt. 

From the convergence of / ( a-o ) it follows that a constant B exists such that 
\G{t)\< B when t ^ a. Through (11) and (12) one now concludes .readily 
to the truth of (16). 

Hence the formula for X is valid in case (1) if f is finite. Moreover, the 
argument just ended shows that f can be infinite only when J{x) diverges 
for every non-exceptional value Xq . Hence the formula for X is valid in case 
(1) when f is infinite. 

Case (2) can be dealt with in the same manner as case (1). 

In case (3) let us write 



limw-ilogj ,j>{t)g{t)dt = r. 



Suppose first that f is finite. Then for every positive constant 5/2 a constant 
U exists such that 



I r*" 

<f>it)g(t)dt 



< 6"'^+"^' when u^U. 



Let Xi be a non-exceptional point for J (x) such that R{fiiXi) = — f — 5. 
We shall prove that J (xi) converges. 

We shall employ relation (13) with .tq replaced by 0, a being chosen so that 
a = e* where k is a positive integer not less than E(U) and so that g (t)is dif- 
ferent from zero fort^a. To prove the convergence of J ( a'l ) it is sufficient 
to show that lim^:=„ U{t) exists and is finite, U (t) being defined as in (6). 

We have 

G(t) = r 4>{t)g{t)dt 

•''a 

= E r (t>(t)git)dt+ ( <l>{t)g{t)dt, 

1=1 J k+i-\ >J ,k+l 
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where k -\- I is the greatest integer such that e*+' < t . Hence 
\G(r)\< ^e'*+<«+*''> + giogT.(f+6/2, ^ jQg ^.^?+a/2_ 

Since B{iJ,iXi) = — ^ — 5 it is now easy to see from (13) by aid of (14) 
and (12) that lim^=a, U(t) exists and is finite. 

From this it follows that J (xi) converges. Hence we conclude that 
X < — f when f is finite. 

Let us suppose next that Xo is a non-exceptional point for which J{xo) 
converges. To complete the proof for X in case (3) when f is finite it is sufficient 
to show that for every positive constant 5 there exists a U such that 






(17) <f>(t)g{t)dt 



< e"'^**' for u^U, 



where ^ = — R(fiiXo) . 

If in the computation by which (13) was derived we write e'^'"' for a, 
e" for T , and take Xi = , we have 

IT'" I p(t) T'^'" \ r" . 

<A(0?(0^ds G(r)--^-^/- + G(t)T(t)dt 

\J,E(u) I !7(ao + T) J^=ei(t.)| J^Fiu) 

\G(t)S(t)\dt. 

Since J (xq) converges it is clear that a constant B exists such that \G {t)\ < B . 
Hence, from the last preceding inequality, by aid of (14) and (12), we see 
readily that (17) is a valid relation. Hence X > — f when f is finite. 

The argument just ended shows that f can be infinite only when J {x) 
diverges for every non-exceptional value a;o. Hence the formula for X in 
case (3) is valid whether f is finite or infinite. 

This completes the proof of the theorem. 
University of Illinois 



